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The third-order nonlinear optical response of noble-metal nanoparticles embedded in a dielectric matrix
depends on the particle intrinsic third-order susceptibility �m

�3�. We propose a model which allows one to
calculate the hot electron contribution �he

�3� to �m
�3� in the case of gold. This phenomenon stems from the

modification of the conduction-electron distribution induced by an optical excitation, and is significant when
picosecond or subpicosecond laser pulses are considered. We show, in the case of a weak perturbation, the
importance of the athermal regime for pulse widths lower than about 1 ps. Applying this model to two different
samples, we then highlight the strong influence of the linear optical properties of the material on the spectral
dispersion of �he

�3�. Finally, the variation in �he
�3� with intensity in the high excitation regime is discussed for

picosecond pulses.
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I. INTRODUCTION

Confinement of noble metals at the nanometric scale gives
rise to materials with novel optical properties, the main ori-
gin of which being the so-called surface-plasmon resonance
�SPR�.1 This phenomenon results in the amplification of the
local electric field inside and around the nanoparticles. A
resonance band thus appears in the absorption spectrum of
the nanocomposite material. This specific linear optical re-
sponse has given birth during the last decade to applications
in various fields such as photocatalysis,2 photonics,3 optical
data storage,4 photothermal cancer therapy,5 biological
imaging,6 or industrial painting.7 Furthermore, the local-field
enhancement leads to a stronger nonlinear optical response
than the one of metal in its bulk phase, as was shown in the
pioneering work of Hache et al.8,9 Hence, the large optical
Kerr susceptibility of materials containing noble-metal nano-
particles has aroused the interest of several groups for two
decades now and seems to enable new photonic applications.
However, most of the studies consist essentially of experi-
mental investigations based on either z-scan or degenerate
four-wave mixing �DFWM�.10,11 In parallel, only a few the-
oretical works have been realized.12–14 Let us mention the
work of Shalaev15 in the case of semicontinuous metal films.

The optical Kerr effect results in the creation in the me-
dium of a third-order nonlinear polarization P�3� at the same
circular frequency � as the one of the applied electric field
E0. P�3� is related to the field E through the third-order sus-
ceptibility ��3�,16

P�3���� = 3�0��3�����E����2E��� , �1�

where �0 is the permittivity of vacuum. In this expression, if
E is linearly polarized along the x axis, ��3���� is a simplified
notation standing for the fourth-rank tensor �xxxx

�3� �−� ;� ,� ,
−��.

Equation �1� is valid as far as it is applied to a homoge-
neous medium. However, extending the concept of effective
medium to the nonlinear optical properties, the optical Kerr
effect in a nanocomposite material can be described in the
quasistatic approximation by an effective nonlinear suscepti-

bility �eff
�3�.14 In the case of gold nanoparticles in an amor-

phous oxide matrix the nonlinear susceptibility of metal has
a modulus much larger than the one of the dielectric medium
�respectively, �10−8 and �10−14 esu�.17–19 We also assume
that the particle intrinsic third-order susceptibility �m

�3� is the
same for all nanoparticles. Furthermore, the electric field in-
side nanoparticles is supposed to be homogeneous. In the
case of a dilute medium and under these assumptions, �eff

�3�

can be written as20

�eff
�3� = pfl

2�f l�2�m
�3�, �2�

where p and f l denote, respectively, the metal volume frac-
tion and the local-field factor. In the high dilution limit, the
latter is identified to be the local-field factor of an isolated
metal sphere,

f l =
3�d

� + 2�d
, �3�

where �d ��� is the dielectric function of the matrix �the
metal�. Equation �2� brings out the dependence of �eff

�3� on the
morphology of the medium, through f l: ��eff

�3����f l�4. f l being
resonant at the SPR, i.e., �f l��1, we see from Eq. �2� that the
confinement of gold at a nanometric scale results in the
strong enhancement of the optical Kerr effect at resonance.
But Eq. �2� reveals also the dependence of �eff

�3� on the intrin-
sic nonlinear optical properties of the metal nanoparticles,
�m

�3�.
In this paper, we will focus on this last parameter, which

has not been theoretically investigated since the pioneering
works of Flytzanis and co-workers.8,9,20 They invoked, in the
case of noble metals, three different contributions to the
value of �m

�3�. In addition to the usual intraband ��intra
�3� � and

interband ��inter
�3� � contributions �corresponding to transitions

within the sp band and from the d bands to the sp band,
respectively�, they considered a third one called the hot elec-
tron contribution. When the energy of the laser pulse is ab-
sorbed by nanoparticles, their conduction-electron distribu-
tion f is modified in the vicinity of the Fermi level, resulting
in an increase in the electron-gas temperature. For a suffi-
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ciently high incident intensity and when the pulse duration is
less than a few picoseconds, the optical transition spectrum
can thus be strongly modified.21 Even if the hot electron
phenomenon is not a pure electronic nonlinear effect, con-
trary to the intraband and interband contributions, Hache et
al.9 showed that it can be added as a third contribution, �he

�3�,
to the particle susceptibility �m

�3�. Their calculation was re-
stricted to photon energies close to the SPR, in the low per-
turbation regime and for 5 ps pulses. However, their results
have often been taken for granted in a much larger range of
experimental situations. The validity of such generalizations
has up to now never been assessed.

In this paper, we theoretically investigate the hot electron
contribution to the intrinsic third-order nonlinearity of a gold
nanoparticle over a wide spectral range, varying both the
pulse width and the excitation magnitude. In a first part, we
expose the theoretical model we use to evaluate the dynam-
ics of f following an optical excitation and the resulting
modification of the optical transition spectrum. We then de-
fine �he

�3� in the framework of the optical Kerr effect formal-
ism. In a second part, we successively discuss the pulse
width, wavelength, and intensity dependences of the nonlin-
ear optical response. The consequences are illustrated on two
samples having different linear optical properties and we
compare our theoretical predictions to results found in the
literature.

II. CALCULATION OF �he
(3)

A. Experimental parameters for the calculation

We will present in this section the theoretical approach
used to determine the hot electron contribution to �m

�3�. We
consider the laser pulse excitation of gold nanoparticles em-
bedded in a dielectric matrix. The pulse is characterized by a
duration �p �defined as the full width at half maximum of the
instantaneous power�, ranging from a few hundreds of fem-
toseconds to a few picoseconds, by a photon energy ��p and
by a peak intensity I0.

The instantaneous power absorbed by metal volume unit,
Pabs�t�, is the relevant parameter for describing the excitation
magnitude. It has the temporal shape of the laser pulse,
which we assume to be a Gaussian peaked at t0,

Pabs�t� = P0 exp�− ln 16� t − t0

�p
�2� . �4�

As the nanoparticle size is much smaller than the beam
waist, no any spatial dependence of Pabs will be considered.
In the case of a thin nanocomposite film, P0 is linked with
the experimental parameter I0 through

P0 =
I0Taf�1 − e−�fL�

pL
, �5�

where Taf is the light intensity transmittance of the air-film
interface, � f is the film absorption coefficient, L is the film
thickness, and p is its metal volume fraction. In the case of
weak total absorption �� fL�1�, Eq. �5� simplifies as

P0 =
I0Taf� f

p
. �6�

Note that the spectral dispersion of � f and Taf implies the
photon energy dependence of P0 at fixed I0.

B. Dynamics of the electron distribution f

We will suppose ��p close to or lower than the interband
transition threshold in gold ��ib: the light pulse only induces
intraband transitions within the sp conduction band where
the number of electrons remains constant. At the L point of
the Brillouin zone, ��ib value is 2.4 eV.22

At equilibrium, f = f0 is a Fermi-Dirac distribution at room
temperature T0. Due to optical excitation, energy is instanta-
neously absorbed through intraband transitions, modifying f
near the Fermi level. The system is thus out of equilibrium,
i.e., it is impossible to ascribe a temperature to the electron
gas. This corresponds to the athermal regime.23 Internal elec-
tron energy redistribution takes place through electron-
electron scattering and leads after a few hundreds of femto-
seconds to the building up of a Fermi-Dirac distribution at
temperature Te�T0. At the same time the electron gas also
exchanges energy with the metal lattice through electron-
phonon coupling until both are in a quasi-equilibrium state.
This step takes place on a time scale of a few picoseconds.
Finally, the energy relaxation toward the surrounding dielec-
tric matrix should be taken into account. Nevertheless, we
will focus in the following on the dynamics of f over time
scales lower than 5 ps, i.e., for which the matrix has no
significant influence on the electron dynamics.24

The nanoparticle size that will be considered is smaller
than the optical penetration depth ��15 nm at 1.5 eV in
gold�. Therefore, we can assume a homogeneous excitation
over each particle, ruling out any possibility of electron
diffusion.25

Because of the nonequilibrium state of the electron gas in
the first hundreds of femtosecond following the excitation,
the dynamics of f has to be determined by solving the Bolt-
zmann equation �BE�. However, if the pulse duration is suf-
ficiently large �about a few picoseconds�, the internal ther-
malization of the electron gas is completed before the end of
the pulse, f then being a Fermi-Dirac distribution at a defined
electronic temperature Te. The system is then described by an
electron bath �at temperature Te� interacting with the phonon
bath of the metal lattice �at temperature Tl�. Their time evo-
lution can be determined by making use of the two-
temperature model. We briefly describe these two theoretical
approaches.

1. Boltzmann equation (BE)

The time evolution of the energy distribution function
f�Esp� for a sp electron of energy Esp, which can be consid-
ered in gold as quasifree,22 is governed by the BE,

� f�Esp�
�t

= 	 � f�Esp�
�t

	
exc

+ 	 � f�Esp�
�t

	
e-e

+ 	 � f�Esp�
�t

	
e-ph

.

�7�

The first term in the right-hand side describes the injec-
tion of energy by the optical pulse, while the two last terms
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account, respectively, for the electron-electron �e-e� and
electron-phonon �e-ph� scattering processes mentioned
above. Several groups since the 1990s focused their attention
on the resolution of this equation in the case of noble metals,
from the pioneering work of Fann et al.23 to the more rigor-
ous treatment initiated by Sun et al.26 and completed by
Groeneveld et al.27 and Del Fatti et al.28 Let us now provide
some details regarding each term of Eq. �7�.

(i) Source term �f /�t �exc. We use the approach developed
in Ref. 28, which takes into account the finite duration �p of
the pulse. �f /�t �exc can be written as the product of a time-
dependent term CPabs�t� and an energy-dependent term
dfexc�Esp�. The former represents the instantaneous power
injected by metal volume unit as defined above 
Eq. �4��; C
is a constant imposed by the total-energy conservation.
dfexc�Esp� accounts for the spectral range over which f0 is
modified by the laser pulse �i.e., EF	��p� and is the sum of
a positive term and a negative one, corresponding, respec-
tively, to the creation and the annihilation of an electron of
energy E,

dfexc�Esp� = f0�Esp − ��p�
1 − f0�Esp��

− f0�Esp�
1 − f0�Esp + ��p�� . �8�

(ii) Electron-electron scattering term �f /�t �e-e. The
screened Coulombic scattering processes are responsible for
both annihilation and creation of electrons of energy Esp. In
the weak perturbation limit, each excited electron scatters
with an unperturbed one, i.e., interactions between two or
more excited electrons are neglected.29 We then use a
relaxation-time approximation to describe the annihilation
process:25,29,30 the Landau theory of Fermi liquids gives a
characteristic time �e-e=�0EF

2 / �Esp−EF�2.31 This time di-
verges when Esp=EF, as a direct consequence of the Pauli
exclusion principle. �0, which represents the lifetime that
would have electrons without this exclusion principle, is
taken as an adjustable parameter in our calculations. We de-
termine its value by comparing our simulations with experi-
mental measurements of the electron relaxation dynamics re-
ported in Ref. 32. We then find �0�0.8 fs, which is
consistent with values found in the literature, ranging from
0.3 to 1.0 fs.25,30,33 Electron creation processes are also
treated in the relaxation-time approximation.29,34 The only
adjustable parameter needed to compute �f /�t �e-e is �0.

(iii) Electron-phonon scattering term �f /�t �e-ph. Spontane-
ous emission, stimulated emission, and absorption of
phonons contribute to this term. Contrary to the first case, the
last two ones are characterized by scattering rates propor-
tional to the number of available states in the phonon bath
�described with a Bose-Einstein distribution at temperature
Tl�. We then separate �f /�t �e-ph into two contributions.30

Each of them is treated in the relaxation-time approximation
and depends on the energy-transfer rate q̇ from the electron
gas to the phonon bath.25 The second one depends also on
the number of phonons created by the excitation and on the
mean phonon energy. A dimensionless factor S is introduced
to adjust the relative weight of each process.30

2. Two-temperature model (TTM)

When the internal thermalization of the free-electron gas
is completed, the common model used to describe the elec-

tron dynamics is the two-temperature model �TTM� devel-
oped by Kaganov et al.35 The electron gas �the metal lattice�
of the nanoparticle is considered as a bath at a temperature Te
�Tl� with specific heat Ce �Cl�. Ce is proportional to Te: Ce
=
Te with 
=66 J m−3 K−2 for gold.22 Cl follows the Du-
long and Petit law �Tl being greater than the Debye tempera-
ture of gold TD=170 K� and has the value Cl=2.44
�10−6 J m−3 K−1.22 These two baths interact via the
electron-phonon coupling, quantified by a constant G=3
�1016 W m−3 K−1,36 and the temporal evolution of Te and
Tl is governed by two coupled equations,

Ce
�Te

�t
= − G�Te − Tl� + Pabs�t� , �9�

Cl
�Tl

�t
= G�Te − Tl� . �10�

It should be noted that both the BE and the TTM are consis-
tent since Eq. �9� can be obtained from Eq. �7� in the specific
case where f is a Fermi-Dirac distribution at temperature
Te.

37

C. Modification of the nanoparticle dielectric function

The optical properties of a material are described by its
complex index ñ=n+ i�� /4
 �n, �, and � are the refractive
index, absorption coefficient, and light wavelength in
vacuum, respectively� or its dielectric function �= ñ2. Fol-
lowing the optical pulse, the perturbation �f of f close to the
Fermi level modifies the spectrum of the interband transi-
tions allowed between the d bands and the sp band. Conse-
quently, it induces a modification ��ib of their contribution to
�, as �ib=�ib,0+��ib. Note that the contribution of the inter-
band transitions to the modification of � is greatly predomi-
nant over the contribution of the intraband ones;38 therefore
the latter will be neglected in the following. To relate �f to
��ib we use the band-structure model of gold developed by
Rosei et al.39,40 In the visible spectral range under consider-
ation here, the main contribution comes from the L point of
the Brillouin zone.40 For wave vectors close to this critical
point, the band structure is described in the framework of the
effective-mass approximation. It then reduces to a set of
parabolic branches, the curvature of which is taken from Ref.
41. Using this model simplifies the calculation of the prob-
ability Jd→p���� that a photon with energy �� induces a
transition from the d bands to the sp band. The imaginary
part of ��ib, ��2

ib, is then related to Jd→p���� by using
Lindhard’s theory of the dielectric constant. This last step is
done assuming that, near the critical point L, the modulus of
the matrix element �Md→p�k�� associated with a transition of
wave vector k is independent of k �Ref. 40�:

�2
ib���� �

1

�2 �Md→p�2Jd→p���� . �11�

The corresponding real part of ��ib, noted ��1
ib, is finally

obtained through the Kramers-Kronig relation, using the nu-
merical method proposed by Castro and Nabet,42 which is
based on a Hilbert transform. We have verified the validity of
this approach by processing the experimental data of � for
gold.43
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Experimental setups such as z-scan or DFWM in their
conventional configuration are frequently used to measure
third-order susceptibilities of materials. In this kind of ex-
periments the pulse plays the role of both the excitation and
the probe. As to describe such an experimental situation, we
use the approach we proposed in Ref. 24, defining the effec-
tive mean change of the interband dielectric function ��ib

experienced by the detected probe pulse,

��ib��� =



−�

+�

��ib��,t�Pabs�t�dt



−�

+�

Pabs�t�dt

. �12�

It is then straightforward to extract the value of the effective
mean change of both the refractive index ��n� and the ab-
sorption coefficient ����, as will be done later. Note that
some experimental works have been focused on the time
evolution of the nonlinear response, for which Eq. �12�
would have no meaning. For instance, Liao et al.44 extended
the usual DFWM, where the three incident beams arrive si-
multaneously onto the sample, to a time-resolved scheme, by
introducing an adjustable delay for the third pulse. Here we
deal only with non-time-resolved schemes.

D. Definition and expression of �he
(3)

Equation �1�, which concerns the optical Kerr effect, can
be written as a function of the incident wave intensity I���
=2cn0m����0�E����2 �monochromatic plane wave with circu-
lar frequency ��. n0m and c are, respectively, the material
refractive index and the speed of light in vacuum. From Eq.
�1�, we then obtain the expression relating ��3���� to �����:

��3���� =
2cn0m����0

3I���
����� . �13�

The way we define the hot electron contribution to the
third-order susceptibility is analogous to the one used for the
optical Kerr effect, replacing ��3� and �� with �he

�3� and ��ib,
respectively,

�he
�3���� =

2cn0m����0

3I0���
��ib��� , �14�

where n0m is now the refractive index of gold, I0 refers to the
temporal maximum of the incident pulse intensity, and ��ib

is calculated through Eq. �12�. �he
�3� is then linked with �n

and �� by

�he
�3� =

4cn0m

3I0
ñ��n + i

�

4

��� . �15�

III. PULSE WIDTH, SPECTRAL, AND INTENSITY
DEPENDENCE OF �he

(3)

A. Representative virtual samples

In order to study the influence of the material linear opti-
cal response on the hot electron contribution to �m

�3�, we will
apply the theoretical approach developed for �he

�3� to two rep-
resentative virtual nanocomposite thin films, S1 and S8. They

consist of spherical gold nanoparticles randomly dispersed in
a silica matrix with metal volume fractions p=1% and 8%,
respectively.

S1 is a model sample where nanoparticles remain small as
compared with the light wavelength but are large enough
�typically with a diameter greater than 10 nm� to avoid
finite-size effects which could affect the characteristics of the
SPR.1 The linear optical properties of such a heterogeneous
medium can be described in the framework of an effective-
medium theory. We have used the Maxwell-Garnett one
which is well suited in this specific case where electromag-
netic interactions between nanoparticles are negligible.45 Di-
electric functions of gold and silica are taken as those of the
bulk phases.43 We obtain the spectrum of the linear absorp-
tion coefficient � f of S1, which is displayed in Fig. 1�a�. As
can be seen, the SPR band peaks at 2.35 eV, while interbands
transitions are responsible for the absorption in the UV part
of the spectrum.

The second sample S8 has an optical response similar to
the one of a thin-film elaborated in our laboratory by the
radio-frequency sputtering technique.46 The diameter of the
nanoparticles is about a few nanometers. Finite-size effects
are then no longer negligible, implying a modification of the
SPR characteristics �spectral position, amplitude, and width�.
Avoiding further details which can be found in Ref. 47, let us
mention that for S8 we partially account for such effects by
simply considering the electron mean-free-path limitation
due to confinement.1

Let us stress that considering highly concentrated nano-
composite media �i.e., including the influence of electromag-
netic interactions between neighboring nanoparticles� would
only change the value of the effective absorption coefficient
� f, the local-field factor f , and the approach leading to the
effective-medium third-order susceptibility 
Eq. �2��. As in
the present paper we focus on the calculation of the nanopar-
ticle intrinsic susceptibility, the only parameter involved in
this calculation which would be sensitive to the medium
morphology is � f �exactly as what will demonstrated by
looking at the differences between samples S1 and S8�. Our
approach for calculating �he

�3� is then fully applicable for
higher metal volume fractions as soon as the medium absorp-
tion coefficient is known.

Figure 1 displays the absorption coefficient of S1 and S8.
The SPR band quenching and broadening with reducing par-
ticle size, accounted for by this phenomenological approach,
can be observed in the comparison of the two plots.

FIG. 1. Linear absorption coefficient of samples S1 �top� and S8

�bottom� as a function of photon energy.
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B. Pulse duration dependence of the nonlinear optical
response

In this subsection, we will study the influence of the pulse
duration �p, within the range of 50 fs–5 ps, on the complex
nonlinear response. For this, the time evolution of f will be
evaluated, either by the TTM or by the BE, as exposed in
Sec. II.

Calculations will be presented for optical pulses with pho-
ton energy ��=1.5 eV. The study of the pulse width influ-
ence on the nonlinear optical response is meaningful only if
it is performed at a constant value of the total energy injected
per metal volume unit, Eabs. Eabs is equal to �−�

+�Pabs�t�dt, i.e.,
proportional to the product P0�p. We will then tune P0 so
as to keep the product P0�p constant. Moreover, calculations
are carried out in the weak perturbation regime, which allows
us to apply the method exposed in Sec. II for solving the
BE. To quantify the magnitude of this perturbation,
we evaluate the density of conduction electrons out of
equilibrium at the maximum of the excitation, ne

=�EF

+���Esp�
f�Esp�− f0�Esp��dEsp. In this expression, � is the
density of states in the conduction band while f and f0 have
the same meaning as in Sec. II. Then, we compare ne to the
total density of conduction electrons in gold ne,0, the value of
which is ne,0=5.9�1028 m−3.22 The excitation parameters
are chosen as to match the usual laser characteristics in a
z-scan experiment ��50 �m waist radius and 50 nJ pulse
energy�: �p=250 fs and P0=1020 W m−3. With these values,
ne=3.5�1025 m−3 and ne /ne,0�10−3, which confirms the
validity of the weak perturbation hypothesis. If we fix the
limit at ne /ne,0=1%, then the maximum value of P0 ensuring
the validity of our approach is about 1021 W m−3 for 250 fs
pulses. To sum up, we will take P0=1020 W m−3 for �p
=250 fs and then adapt these values to maintain the product
P0�p constant.

The pulse width dependence of the hot electron contribu-
tion to the intrinsic gold nanoparticle third-order nonlinear
response will be analyzed through the relative mean varia-
tion over the pulse duration of both the refractive index
��n /n0� and the absorption coefficient ��� /�0�, the expres-
sions of which are obtained from Eq. �12�. n0 and �0 are,
respectively, the values of n and � for gold at 1.5 eV at

equilibrium: n0=0.189 and �0=1.25�108 m−1.43 The
choice of �n and ��, rather than �he

�3�, for highlighting the
influence of pulse width on the nonlinear response is driven
by the fact that we want to keep the total pulse energy con-
stant, which imposes the variation in the intensity with �p.
The further calculation of �he

�3� then depends on the knowl-
edge of the intensity value 
see Eq. �15��, which is not an
intrinsic parameter but an experimental one. Once I0 is
known, �he

�3� can nevertheless be determined from �n and ��.
Examples are provided in Table I.

One can notice that reducing the pulse duration to a few
hundreds of femtoseconds leads to a drastic decrease in the
value of ��he

�3��. This is both experimentally measured and
calculated by our approach, and has been already underlined
elsewhere �see Table 1 of Ref. 50�. Let us now go deeper into
the pulse width influence on the hot electron contribution to
the nonlinear response. The evolution of �n /n0 and �� /�0
with �p is displayed in Figs. 2�a� and 2�b�.

A first glance at Fig. 2 reveals that whatever the model
used and for a fixed total energy absorbed by the nanopar-
ticle, both nonlinear refraction and absorption induced by hot
electrons tend to zero as the pulse width increases. Moreover,
for short pulses, i.e., with �p lower than about 1 ps, there is a
great discrepancy between the TTM and the BE approaches,
for both the refractive 
Fig. 2�a�� and the absorptive 
Fig.
2�b�� parts of the optical response. This difference is due to
the noninstantaneous thermalization of the electron gas,
which is taken into account in the BE approach only. This
thermalization originates from e-e scattering, to which is as-
sociated a characteristic time on the order of a few hundreds
of femtoseconds �450 fs in bulk gold�.51 Let us recall that in
non-time-resolved experimental setups such as conventional
z-scan, the optical pulse plays at the same time the role of
both pump and probe. Then, for pulses with �p of the order of
a few picoseconds, the internal thermalization is almost
achieved before the end of the probe pulse; consequently, the
modification of the optical properties is less sensitive to the
athermal regime than for shorter pulses. This explains that
the differences between the values of �n /n0 and �� /�0 pre-
dicted by the TTM and the BE decrease with increasing �p.

This study reveals that for pulses with a duration �p of a
few hundreds of femtoseconds the understanding of the

TABLE I. Selected results for �m
�3� of gold nanoparticles determined, either experimentally or by calcu-

lation. I0 remains lower than the critical value defined in Sec. III D. Note that the calculated values of �m
�3�

correspond to the hot electron contribution only.

�p

��
�eV� Method

��he
�3��

�esu�
�

�deg� Reference

50 fs 2.20 BE 3.4�10−9 158 This work

110 fs 2.21 Z-scan 9.0�10−10 191 48

200 fs 2.33 DFWM 3.4�10−9 NA 44

250 fs 2.33 BE 3.0�10−9 93 This work

2 ps 2.39 TTM 2.9�10−7 84 This work

5 ps 2.33 OPCa 5�10−8 80 9

5 ps 2.05–2.21 DFWM 2.5�10−8 N.A. 49

5 ps 2.33 Calc. 1.1�10−7 �90 9

aOptical phase conjugation.
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third-order nonlinear optical properties of metal nanopar-
ticles requires to take into account the noninstantaneous ther-
malization of the conduction-electron gas. The TTM is thus
wholly inappropriate in this ultrashort pulse regime.

C. Spectral dependence of the nonlinear optical response

This part aims at investigating the spectral dependence of
�he

�3� and the consequences of the athermal regime on this
dispersion. We choose as in Sec. III B a constant pulse en-
ergy, with a pulse duration �p=250 fs and an excitation mag-
nitude P0=1020 W m−3, for the BE approach, and �p=2 ps
and P0=1.25�1019 W m−3 for the TTM.

Having a close look at Eq. �14�, which formally defines
the hot electron contribution to �m

�3�, it appears that the spec-
tral dispersion of �he

�3� may stem from either ��ib���, that is to
say from the nonlinear optical response intrinsic to gold, or
from I0��� /n0m���, which comes from the spectral depen-
dence of the linear optical properties of the material. In the
following, we will thus turn successively our attention onto
these two contributions.

We first consider the dispersion of �he
�3� arising from the

intrinsic nonlinear response of gold, through ��ib, which is
split into a refractive part and an absorptive one as in Eq.
�15�. These two contributions will be characterized by the
relative variations in the refractive index, �n /n0, and the
absorption coefficient, �� /�0. On Fig. 3�a� 
Fig. 3�b�� is
displayed the spectrum of �n /n0 ��� /�0�, using either the
BE �circles� or the TTM �triangles� approach.

It is worth mentioning that, whereas the magnitude of the
complex nonlinear response, as given by the TTM, varies
with the pulse duration, its spectral profile is almost indepen-
dent of �p. In the precise aim of underlining the influence of
the athermal regime on the hot electron contribution spectral
dependence, it is then possible to compare the curves ob-

tained with the BE and TTM approaches on Fig. 3.
Let us first examine the refractive part �n /n0. The spec-

tral dependence of its sign is the same whether the athermal
regime is considered or not: it is positive at low energies and
it becomes negative around 2.45 eV, i.e., close to the inter-
band transition threshold. However, the magnitude of �n /n0
and the spectral range on which it differs from zero is
strongly dependent on the theoretical approach used. These
differences stem from the way the perturbation is taken into
account in each model. Concerning the BE approach, the
optical pulse, in its role of pump, induces a modification of
the electron distribution f on a wide spectral range, between
EF−��p and EF+��p �cf. Sec. II B 1�. The same optical
pulse, now in its role of probe, can therefore be sensitive to
this modification even if the photon energy differs signifi-
cantly from ��ib.

The magnitude of the absorptive part �� /�0 is also
greatly overestimated when the athermal regime is ignored.
Furthermore, the sign of �� /�0 given by the TTM can be
opposite to the one predicted by the BE in certain spectral
domain. Let us compare these results with the experimental
ones presented in Ref. 26. The authors of this reference re-
ported measurements of the modification of both the reflec-
tivity and the transmissivity �respectively, �R /R and �T /T
in their paper� of a thin gold film, following a subpicosecond
optical excitation. They showed that for photon energies
around 2.35 and 2.70 eV the athermal regime gives birth to a
positive �R /R in the first hundreds of femtoseconds, while
as soon as the electron gas is thermalized �R /R becomes
positive. They found a similar behavior for �T /T. In the
weak perturbation regime, both �R /R and �T /T can be ex-
pressed as linear combinations of �n /n0 and �� /�0. It is
therefore consistent to find that for some photon energies the
values of �� /�0 �and/or �n /n0� calculated by using the BE
exhibited a sign opposite to the one obtained with the TTM.

The discussion above concerns contribution to the disper-
sion of �he

�3� originating from the intrinsic nonlinear optical
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FIG. 2. Effective modification over the pulse duration of �a� the
refractive index and �b� the absorption coefficient of gold as a func-
tion of the pulse width for ��=1.5 eV. Circles and triangles cor-
respond to results obtained, respectively, in the BE and the TTM
approaches with P0�p=25 MJ m−3.
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response of gold. However, as was mentioned earlier, this is
not the only contribution since the influence of the linear
optical properties of the composite medium has to be taken
into account. Indeed, for a given P0 value, �he

�3� varies as � f
through I0 /n0m 
see Eqs. �14� and �6��. We will now high-
light this effect by studying the dispersion of �he

�3� for both
samples presented in Sec. III A. We will adopt the notation
�he

�3�= ��he
�3��ei� since most of experiments give access to ��he

�3��.
In Fig. 4�a� the modulus of �he

�3� is presented as a function
of photon energy, for samples S1 �full circles� and S8 �empty
circles�, determined by using the BE approach. The compari-
son of these curves underlines the strong influence of the
linear optical response on the dispersion of ��he

�3��: over the
spectral range considered, it evolves within less than 2 orders
of magnitude for S8 against 3 for S1. This has of course to be
linked with the relative variations in the SPR absorption
band as displayed in Fig. 1. The contribution of the disper-
sion of � f is then crucial when experimental measurements
of ��he

�3�� are compared to theoretical predictions. The huge
enhancement of ��he

�3�� around the SPR is not the consequence
of any nonlinear effect but is only due to a stronger linear
absorption. It is therefore more relevant to use the peak
power P0 absorbed per metal volume unit rather than the
peak intensity I0 of the incident laser beam to characterize
the optical excitation in an experimental study.

The situation is totally different concerning the phase of
�he

�3�, �. Indeed, a glance at Eq. �14� reveals that the only
quantity having a priori an imaginary part is ��ib. Therefore,
the phase of �he

�3� is the same as the one of ��ib and is com-
pletely independent of the linear-response of the sample.
This is illustrated on Fig. 4�b� where the curves for S1 and S8
are perfectly identical. As can be seen, � largely evolves
over the visible domain, but remains within the range
0° –180°. This means that the imaginary part of �he

�3� is posi-
tive �this is no more true in the UV domain, from �2.6 eV�.
Moreover, �he

�3� is mainly imaginary ���90°� and its phase
dispersion �� /�� is maximum around ���2.4 eV, close to
the interband transition threshold.

We will now compare our theoretical results to measure-
ments obtained by Liao et al.44 on Au:SiO2 thin films with
p=8% �see Table I�. These were realized with a DFWM
setup with 200 fs laser pulses at 2.33 eV. The physical quan-
tity deduced from these measurements is the effective third-
order nonlinear susceptibility �eff

�3� 
cf. Eq. �2��. As metal con-
centration remains sufficiently low to neglect electro-
magnetic interactions between nanoparticles and as the latter
are small enough to consider the internal electric field as
homogeneous, f l roughly follows Eq. �3�. It is then possible
to deduce the value of the third-order nonlinear susceptibility
of gold nanoparticles, �m

�3�, from Eq. �2�. The authors found
��m

�3��=3.4�10−9 esu at 2.33 eV. Our calculation at this pho-
ton energy gives ��he

�3��=3�10−9 esu 
cf. Fig. 4�a��. This re-
sult confirms what we inferred in Sec. I, which is to say the
dominant weight of the hot electron contribution to ��m

�3�� as
compared with that of intraband and interband contributions
in the vicinity of the interband transition threshold. This con-
clusion is the same as the one exposed by Hache et al.9 for 5
ps pulses. All these results are summarized in Table I for
easier comparison. Note that Liao et al.44 found values of
��m

�3�� much higher for 35 ps pulses than for 200 fs ones. This
trend was also revealed by many other investigations re-
ported in the literature �see Table 1 of Ref. 50�. This stems
from the dominant contribution of the thermo-optical re-
sponse when using long pulses.47,52

D. Intensity dependence of �he
(3)

We will now show that above a certain intensity onset,
which varies with photon energy, the value of �he

�3� can be no
longer independent of I0. It is worth mentioning that such a
study cannot be carried out for subpicosecond pulses within
our present approach. Indeed, as stated before, the presence
of the athermal regime requires the use of the BE, which is
limited in intensity by the weak perturbation hypothesis in
our model.

We consider sample S1 excited by a 2 ps pulse. This pulse
width allows us to carry out calculations in the framework of
the TTM model, with different photon energies and over a
wide laser intensity range �from �103 to �1010 W cm−2�.
The modulus and phase of �he

�3� are displayed, respectively, in
Figs. 5�a� and 5�b� as a function of I0.

The same trend as in Fig. 4 is of course exhibited by Fig.
5: ��he

�3�� and � experience a strong dispersion. This result is a
first confirmation that the quantitative predictions of Hache
et al.9 cannot be extended to photon energies different from
�2.33 eV, which is the one considered in Ref. 9. Further-
more, remaining at low I0 �typically less than 106 W cm−2�,
the model we have developed above for the calculation of
�he

�3� gives orders of magnitude for ��he
�3�� and � similar to

those reported in Ref. 9 �see Table I�. Besides, Hache et al.9

first found that �he
�3� is mainly imaginary at 2.33 eV, as we

predict at 2.39 eV where ��90°, and second they obtained
��he

�3���1.1�10−7 esu while our model gives ��he
�3���2.9

�10−7 esu at 2.39 eV. The small difference between these
two values can come from the slight mismatch of either the
photon energies or the pulse widths between Ref. 9 and the
present calculations.
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Finally, when the intensity of the incident laser beam ex-
ceeds a critical value, both ��he

�3�� and � become intensity
dependent. This critical value in terms of P0, P0,max, depends
on pulse duration �for �p=2 ps, P0,max=4�1018 W m−3�:
P0,max decreases as pulse width increases. Indeed, the rel-
evant criterion here is the total energy deposited at the end of
the pulse, Eabs. Expressed in terms of intensity, the critical
value I0,max depends additionally on the material linear opti-
cal properties and then on photon energy via the dispersion
of the latter 
see Eq. �5��. Hence, for instance, the value of
I0,max with 2 ps pulses is �106 W cm−2 at 2.39 eV or
108 W cm−2 at 1.70 eV. Let us stress that, nowadays, pico-
second lasers commonly used to measure nonlinear suscep-
tibilities deliver pulses with maximum peak intensity from
�105 to �109 W cm−2. This last value is well over the criti-
cal intensity from which �he

�3� is no longer constant in Fig. 5.
This means that in this high excitation regime, which can be
easily reached in experiments, the hot electron contribution
to the nonlinear optical properties of nanocomposite materi-
als is no longer a pure third-order nonlinear effect. The pre-
dictions of Hache et al.,9 which were obtained assuming a
low excitation regime, have then to be considered with care
when the validity of this hypothesis breaks.

IV. CONCLUSION

We have presented a theoretical approach for evaluating
the hot electron contribution to the intrinsic third-order non-
linear susceptibility of gold nanoparticles excited by subpi-
cosecond or picosecond laser pulses. This issue had been
addressed in the pioneering work of Hache et al.9 where
calculations were carried out with restricted conditions re-

garding photon energy �close to both ��ib and the SPR en-
ergy�, pulse duration �5 ps�, and intensity �weak perturbation
regime�. Computing the electron dynamics in the framework
of both the Boltzmann equation and the two-temperature
model for different pulse durations, we have shown the
growing importance of the athermal regime on the magni-
tude and the dispersion of the nonlinear optical response as
the pulse duration falls below approximately 1 ps. We have
then evaluated �he

�3� for two different virtual samples. Con-
trary to the phase of �he

�3�, its modulus has been shown to
strongly depend on the linear optical properties of the mate-
rial. Comparing our calculations with experimental results of
Liao et al.,44 we have shown that the hot electron contribu-
tion is the predominant one to ��m

�3�� in the ultrashort pulse
excitation regime. This also argues with the conclusion of
Hache et al.9 obtained for 5 ps pulses. Finally, we have
shown in the case of 2 ps pulses that our predictions are
consistent with those of Ref. 9. However, �he

�3� becomes in-
tensity dependent when the intensity of the incident beam
exceeds a critical value which depends on both the photon
energy and the material linear absorption. This onset can
even be lower than the common intensities used in experi-
ments. Therefore, in the high excitation regime, the hot elec-
tron contribution does no longer amounts to a pure third-
order nonlinear optical effect.

Due to the importance of the athermal regime, the TTM
approach is inadequate for subpicosecond pulses. On the
contrary, the method based on the BE resolution is well
suited whatever the pulse width. The approach proposed in
this paper, which presents the advantage of being quite easily
carried out from a computational point of view, is neverthe-
less restricted to the weak excitation regime �from P0=0 to
�1021 W m−3 for 250 fs pulses, corresponding to I0=0 to
�2.5 GW cm−2 for sample S8 at SPR�. To overcome this
limitation, one would rather adopt a more complex model to
account in the BE for interactions between two or more ex-
cited electrons, which have been disregarded here.28

Let us also stress that, as soon as the pulse duration
reaches about 5 ps, the thermal influence of the particle en-
vironment cannot be neglected anymore.24 We have proposed
different theoretical approaches to account for such an
effect.24,52,53 For even longer pulses, the thermo-optical re-
sponse of metal particles may also play a significant role in
their nonlinear optical properties.54,55

A more systematic experimental study of the spectral and
intensity dependences of �he

�3� in gold nanoparticles should be
interesting to allow detailed comparison with the predictions
of our model. The experiments should be performed on
samples with a low gold volume fraction in order to easily
relate the effective third-order nonlinear susceptibility of the
thin film to the metal intrinsic one. Let us also note that even
if we have focused here on the case of gold, this model
would be easily extended to the case of silver or copper.
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